Bell inequalities for three systems and arbitrarily many measurement outcomes 
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We present a family of Bell inequalities for three parties and arbitrarily many outcomes, which can 
be seen as a natural generalization of the Mermin-Bell inequality. For a small number of outcomes, 
we verify that our inequalities define facets of the polytope of local correlations. We investigate the 
quantum violations of these inequalities, in particular with respect to the Hilbert space dimension. 
We provide strong evidence that the maximal quantum violation can be reached only using systems 
with local Hilbert space dimension exceeding the number of measurement outcomes. This suggests 
that our inequalities can be used as multipartite dimension witnesses. 



I. INTRODUCTION 

Bell inequalities are constraints on experimental statis- 
tics that have to be satisfied by any locally causal the- 
ory [jlj. In such a theory, the correlations observed be- 
tween experimental outcomes can be attributed to the 
common past of the physical systems that give rise to 
these correlations. Since the pioneering work of Bell [|, 
it has been known that quantum theory predicts corre- 
lations that can violate Bell inequalities. Experimental 
violations of Bell inequalities thus bring out an intriguing 
aspect of quantum mechanics, challenging us to change 
our world view at the most fundamental level. 

In recent decades, Bell inequalities have also found 
various applications in quantum information science. 
Among others, violations of Bell inequalities play a cru- 
cial role in the security of quantum cryptographic proto- 
col |H Q and in the generation of trusted random num- 
bers (randomness expansion) || ||. In addition, they 
can be used to witness the dimension of the underlying 
physical system [Q, ^ . They also find applications in self- 
testing H of quantum devices, certification of entan- 
gled measurements fll[ fl2| and, in some cases, provide 
nontrivial estimates of the underlying quantum state [[l3| . 
More recently, there has been renewed interest in using 
them to witness (multi-partite) entanglement without re- 
sorting to calibrated devices or assumption on the dimen- 
sion of Hilbert space |l4|, [D|. For given Hilbert space 
dimension, there is also the possibility to both lower and 
upper bound the underlying entanglement based on such 
quantum violations |l6|, 17 , and to test the structure of 
multipartite entanglement |18| . 

It is thus interesting and useful to derive Bell inequal- 
ities for a scenario involving an arbitrary number of par- 
ties, measurements, and outcomes. In particular it is 
relevant to look for families of Bell inequalities tailored 
for systems of arbitrarily high dimensions. While several 
families have been derived in the bipartite case |l9|, p0[ , 
much less is known in the multipartite case pi|-j25f, for 
which most studies have focused on the case of binary 
outcomes (see e.g. [^6[ p7|). 

In this work, we present a family of Bell inequalities 
for three parties and arbitrarily many measurement out- 
comes (Sec. |l|). These inequalities are naturally suited 
for high-dimensional systems, although the nonlocality 



of such systems generally also can be tested with Bell 
inequalities having fewer outcomes. An appealing fea- 
ture of our inequalities is that they reduce to well-known 
and useful Bell inequalities in certain special cases. For 
the case of binary outcomes, we recover the Mermin-Bell 
inequality 26 , while in the bipartite case, we recover 



the Collins-Gisin-Linden-Massar-Popescu (CGLMP) in- 
equalities 
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Thus our inequalities can be considered 
as a natural generalization of the Mermin-Bell inequality 
to a scenario involving an arbitrary number of outcomes. 
They can also be considered as a tripartite generaliza- 
tion of the CGLMP inequalities. For a small number of 
outcomes (up to eight) we checked that our inequalities 
are tight, that is, that they define facets of the polytope 
of local correlations. Quantum violations of our inequal- 
ities are discussed in Sec. III. We give strong numerical 



evidence that the maximal violation of our inequalities 
requires quantum states of local Hilbert space dimension 
larger than the number of outcomes, a feature already re- 
ported for other Bell inequalities J?], Q . Before con- 
cluding in Sec. |v|, we present other tight tripartite Bell 
inequalities, in particular giving another possible gener- 
alization of the Mermin-Bell inequality to the scenario 
with three measurement outcomes. 



II. FAMILY OF TRIPARTITE BELL 
INEQUALITIES 

We consider a scenario involving three spatially sep- 
arated parties (henceforth referred as Alice, Bob and 
Charlie), and with each of them performing 2 alterna- 
tive -ftf-outcome measurements. We denote by A x , B yi 
C z = 0, 1, . . . , K — 1, respectively, the measurement out- 
come (output) of Alice's x-th measurement, Bob's y-th 
measurement and Charlie's z-th measurement setting. In 
these notations, our Bell inequalities read as: 

S {K) = ([A 2 -B, + C X ] K ) + ([Ax + B 2 - Ci]k) 

+ ([-Ax + B x + C 2 ]k) + (Ma -B2-C2- lk) , 
>K-l (1) 

where [X]k stands for X modulo K and 



K-X 



([X\ K ) ee J2 jP(X = jmodK), 



(2) 



2 



is the bracket notation introduced in Ref. |3l| (see also 
Ref. f|). 

Note from Eq. (|l|) that SW is an expression that is 
invariant under cyclic permutation of parties, i.e., A — > 
B — > C — > A. To see that inequality (Q) indeed represents 
a legitimate Bell inequality, i.e., it is a constraint that has 
to be satisfied by any local correlations, we make use of 
the following facts: 

1 . It suffices to consider deterministic classical strate- 
gies for determining the minimal value of S^ K ^ al- 
lowed in a local theory,^] 

2. For any integer X and Y, [X] K + [Y] K > [X + Y] K , 

3. The sum of all the terms in the brackets in Eq. ([!]) 
gives a constant, i.e., 

[A 2 -B 1 +C 1 +A 1 +B 2 -C 1 -A 1 +B 1 +C 2 
-A 2 -B 2 -C 2 - 1] K = [-lk = K —1. (3) 

Moreover, it is also easy to see that the local bound of 
K — 1 is always attainable, for example, by setting all the 
outputs A x = A 2 = B x = B 2 = C\ = C 2 = 0. 

For the case of two outputs, i.e.. A" = 2, it is straight- 
forward to verify that inequality (|l|) is equivalent to the 
well-known tripartite Mermin-Bell [ p6| inequality 

E(2, 2, 2) - E(2, 1, 1) - E(l, 2, 1) - E(l, 1, 2) < 2, (4) 

where the correlator is defined as: 

(-l) A * +B * +c *P(A x ,B y> C z ), 



E 

,B y ,C z =0,l 



(5) 

and P(A X , B y ,C z ) is the joint probability of registering 
the outcomes (A x ,B y , C z ) conditioned on Alice, Bob and 
Charlie, respectively, performing the x-th, y-th and z-th 
measurement. 

On the other hand, if C\ = C 2 = 0, then applying the 
relabeling B 2 — > \—B 2 ]k in inequality (|l]) gives 

{\Az-Bi\k) + ([A 1 -B 2 ] k ) 
+ ([—Ai + B^k) + ([B 2 -A 2 - 1] K ) > K - 1, (6) 

which is just the CGLMP inequality written in the 
form of brackets fl3lf . Hence our inequality reduces to 
the CGLMP inequality in the bipartite case. Note, how- 
ever, that inequality (|l|) is not a simple lifting |3^] of the 
CGLMP inequality, and hence a genuine tripartite Bell 
inequality. 

Indeed a nice feature of both the Mermin-Bell 
the CGLMP-Bell inequalities |33| is that they are tight, 
that is, they represent facets of the local polytope (i.e., 
a boundary of the set of local correlations with maxi- 
mal dimension). Here we verified that inequality (Q) for 
K < 8 represents also a facet of the corresponding lo- 
cal polytope. We conjecture that inequality (||) is indeed 
facet-defining for all K > 2. 
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III. QUANTUM VIOLATIONS 

A. Preliminaries 

Here, we study the quantum violations of inequality 
(0). We denote the quantum value of S^- K \ cf. Eq. (Q), 
by iS^fP and the fc-th positive-operator-valued-measure 
(POVM) element of Alice's x-th measurement by A x 
(likewise By for Bob, and C z for Charlie). For ease of 
comparison, we also express the quantum value of S^ K ' 
for a specific quantum state <E C dl (g> C d2 ® C ds and 
specific measurements — denoted by — in 

terms of its resistance to white noise. The visibility of 
| tp) with respect to a given Bell inequality is then defined 
as the supremum of v G [0, 1], such that the mixed state 



p v = v\1>)(1>\ + (l-v) 



Id 
D 



(7) 



does not violate the Bell inequality. Here D = did 2 d,3 is 
the dimension of the Hilbert space of \tp); dj is the rank 
of the reduced density matrix of the j-th subsystem, and 
1 £> / D is the white noise (maximally mixed state) acting 
on C D . For inequality ([!]), the visibility of a given state 
is given by 



s<pm-(K-i) 



(8) 



where S^(^g-) is the quantum value for 1d/D when 
evaluated using the measurements that give HlV 7 ))- 

B. Binary outputs (K — 2) 

This case is well studied in the literature: the minimal 
value of Sj^ is — which is also the algebraic minimum 
of the expression S^ K=2 ^ — and can be achieved using 
the 3-qubit Greenberger-Horne-Zeilinger (GHZ) state: 



|GHZ 2 ) = i= (|000) + |111)), 



(9) 



in conjunction with rank-1 projective measurements. 
This quantum strategy also corresponds to the so-called 
GHZ paradox [53, and gives a visibility of v = 1/2. 



C. Ternary outputs (K = 3) 

1. Bounded Hilbert space dimension 

By optimizing numerically over the most general 
POVMsn up to local Hilbert space dimension of d\ = 



1 This follows from the fact that the set of local correlations for 
any finite number of parties, inputs and outputs is a convex poly- 
tope of which each extreme point corresponds to a deterministic 
classical strategy. 



2 Here, we employ the iterative algorithm of Ref. |35[ (see also 
Refs. |36l p7|) via YALMIP feq] to perform the numerical opti- 
mization. 
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d 


2 


3 


4 


5 


6 


5(3) 


0.9019 


0.9019 


0.9019 1 


0.9015 


0.9005 


[di; d 2 ; d 3 ] 


[2;2;2] 


[2;2;2] 


[4;4;2] 


[5;5;2] 


[6;6;2] 



a The violation in this case is actually stronger than the one with 
d < 3, but the difference is less than 10~ 4 . 



TABLE I. Best quantum violations S^2 f° r bounded local 
Hilbert space dimension. From top to bottom, we have, re- 
spectively, the bound on the local Hilbert space dimension 
(i.e., dj < d), the best quantum violation found and the ranks 
of the reduced density matrices of the corresponding optimal 
quantum state. Note that the best violation is found 
for d = 6. For even higher Hilbert space dimensions (up to 
d = 10), no improvement was found. 



<^2 — d-3 =3, the best quantum violation we have found 
is S^(\ip 3 )) = « 0.9019. This is achieved using 

the 3-qubit state 



Quantum sts,t6 


S (3) (lib)) 

"q» \\Yl) 


7J / \ 

" |V>) 


\iht\ 


9005 


6404 


IV*) 


0.9019 


0.6456 


\W) 


1.2249 


0.7075 


|GHZ 2 ) 


1.2500 


0.7143 


|GHZ 3 ) 


1.3333 


0.7500 


1-4) 


1.4508 


0.7846 



TABLE II. Summary of the quantum violation of inequal- 
ity ([j]) with K — 3 for various states. The second column 
gives the best (i.e., lowest) quantum value found for the re- 
spective state and the third column gives the corresponding 
visibility. 



(IV's)) = Z ht^ ~ 0.9019 is indeed the strongest pos- 
sible quantum violation if both the state and the POVMs 
are invariant under an arbitrary permutation of parties. 



= (3 -2V3)|000) + |011) + |101) + |110) (1Q) 
3 2V6-3\/3 

and the following measurements: 



A\ = 



D 



1 2 + o z 1 2 - a z 



2 ' 2 

h -<Tz 12 + C~z 



&x „ 3-2 — &x 



2 ' 2 







2 

(11) 



where ^ = |0)(1| + |1)(0|, a z = |0)(0| - |1)(1| are the 
Pauli x and z matrices, is the 2x2 zero matrix, and the 
POVM elements are ordered in the bracket with increas- 
ing value of k. The above quantum violation translates 
into a visibility of v — 65.26%. 

Interestingly, by increasing the local Hilbert space di- 
mension dj, we find a gradually stronger violation [i.e., 
a smaller value of 5^] that reaches the minimal value 
°f Sam ~ 0.9005, corresponding to a visibility of v = 
64.04%. Considering states of local dimension up to 10, 
the state ^3) giving the best violation has local dimen- 
sions d\ = d,2 = 6, c?3 = 2. The measurements are rank 1 
projectors. Table | summarizes the results for states of 
bounded local Hilbert dimension. 

It is natural to ask whether this violation represents 
the optimal quantum value. Using a converging hier- 
archy of semidcfinite programs p9f-|4l| (up to a partial 
list of 5th order operators), we found the lower bound 
5™ > 0.8507, which leaves a small gap. Hence it 
could be the case that stronger quantum violations are 
possible. Also, using a more refined implementation of 
these semidefinite programs, it can also be shown^J that 



2. Specific states and measurements 

We first investigate the violation of our inequality for 
well-known states, such as |GHZ 2 ), the 3-qutrit GHZ 
state, 

|GHZ 3 ) = (|000) + |111) + |222)) , (12) 

the W state \W), 

\W) = -L(|001) + |010) + |100)) (13) 

and the fully antisymmetric 3-qutrit state (also known as 
the Aharonov state) 

1-4) = -p (|012) + [120) + |201) - |021) - |102) - |210)) . 
V6 

(14) 

The numerical optimization results for these states are 
summarized in Table |n|. Again, we see that qubit states 
seem to achieve stronger violations compared to genuine 
qutrit states, even though the inequality involves three 
measurement outcomes. 

Second, we investigate the violation of our inequality 
under specific measurements, In particular, we consider 
Fourier-transformed measurements, known to be optimal 
in the case of CGLMP inequalities |4^, [l3| and some of 
its generalizations [p3| . Here, following the method of 
Rcf. [Q based on the Bell operator, we find the largest 
violation to be ~ 1.206 for a 3-qutrit state. 



D. More than three outputs (K > 3) 



3 Within a numerical precision of 10 7 . 



Since the Mermin-Bcll inequality is tailored for the 
GHZ state, which reaches the algebraic bound of the in- 
equality, it is natural to investigate the violation of our 
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inequality for K > 3 by the generalized GHZ state: 

K-l 



IGHZ 



A' 



3=0 



(15) 



For K < 10, the best violation (except for K = 3, 7, see 
below) is simply given by an integer value: 



S£>(|GHZ*:» = 



K- 1 



which corresponds to the following visibility: 



w |GHZ A -> 



K — 1 



2(K -1)-[K=1 



(16) 



(17) 



for 



Note that this threshold visibility converges to | 
asymptotically large K. 

It turns out that in two case, K = 3 and K = 7, 
larger violations could be found. Interestingly, for the 
case K = 7, a small improvement (2.9907 compared 
to 3) can be obtained using genuine POVMs (i.e. non- 
projective measurements). This stronger violation, how- 
ever, leads to a weaker resistance to white noise [0.6708 
compared to V\ghz k ) = f f rom Eq. ([jj])]. This is as- 
tonishing in the sense that the strength of violation and 
the robustness to white noise are generally considered to 
relate monotonously to each other. But as we see here, 
if genuine POVMs (or higher-rank projectors) are used, 
their effect on white noise is no longer trivial and hence 
the monotonicity is not necessarily preserved. It would 
be interesting to see if this non-monotonicity could have 
practical implication in the choice of measurements for 
tasks based on quantum nonlocality. 

Next we investigated the violation of inequality ([!]) 
achievable with local Hilbert space dimension dj < K. 

3, we employed the iterative 
and the technique of the Bell 

in- 



Similarly to the case K 
algorithm of Rcfs. ||| | 

operator E3]. The results, summarized in Table [II 



dicate that the generalized GHZ state is not optimal for 
K > 2. Also for increasing values of K, it seems that the 
best threshold visibility found here does not follow any 
regular pattern, in contrast with the CGLMP inequali- 
ties. 

Finally it is interesting to note the structure of the 
optimal state (for dj < K), which seems to always involve 
a qubit for one the parties. 



IV. OTHER BELL INEQUALITIES 

Given that inequality (0) is only symmetrical with re- 
spect to cyclic permutations of parties, one may wonder 
whether there exists a more symmetrical generalization 
of the tripartite Mermin-Bell inequality to more outputs 
that still preserves the facet-defining property. To answer 
this question, we made use of the techniques discussed in 
Ref. ~ 
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and computed all tripartite, two-input, three- 
output facet-defining Bell inequalities that are symmetri- 
cal with respect to arbitrary permutations of parties and 



K 


5<f ) (|GHZ A -)) 


W|GHZ K > 


s^\\r K )) 




[di; dr, d 3 ] 


2 





0.5 





0.5 


[2; 2; 2] 


3 


1.3333 


0.7500 


0.9005 


0.6404 


[6; 6; 2] 


4 


1.0000 


0.6000 


0.7657 


0.5731 


[4; 4; 2] 


5 


2.0000 


0.6667 


1.4763 


0.5691 


[3; 3; 2] 


6 


2.0000 


0.6250 


1.4652 


0.5858 


[6; 6; 2] 


7 


2.9907 


0.6708 


2.2924 


0.6095 


[7; 7; 2] 



TABLE III. Summary of the quantum violations for inequal- 
ity (^). The second and the third column gives the violation 
for |GHZ_R-} and the corresponding visibility. The next two 
columns give the largest quantum violation for states such 
that dj < K; the optimal state is denoted \4>'k). The ranks 
of the reduced density matrices of \4>*k) are given in the last 
column. 



which depend only on the sum of the outputs (see Ap- 
pendix ^ for details). Among these inequalities, we found 
a candidate that also reduces to the tripartite Mermin- 
Bell inequality for K = 2 outputs: 

([A 2 + B 2 + C 2 ] K ) + ([A 2 + B 2 + C 2 + 1] K ) 
+ ([A 2 + B ± + d] K ) + ([A 2 + B 1 + d + l] K ) 
-3 ([Ai + Cik) - 2 ([A! +B 1 + G 1 + l] K ) 
+ ([A 2 + B 2 + d] K ) + O > 2, K = 2, 3 



(18) 



where O means terms (brackets) that must be added to 
ensure that the expression is symmetrical with respect 
to arbitrary permutations of parties. Unfortunately, the 
facet-defining property of the inequality is not preserved 
for K — 4 and 5. 

The best quantum violation that we have found for 
inequality ( [18|) with K = 3 is -0.1920, corresponding to 
a visibility of 64.60%, using a 3-qutrit state. 

On a separate note, while searching for another possi- 
ble generalization of the Mermin-Bell inequality to more 
outputs, we found a possible generalization of Sliwa's 7th 
inequality Bfl] to an arbitrary number of outputs (sec 
Appendix RTfor details). 

V. CONCLUDING REMARKS 

We have presented a simple family of Bell inequalities 
for tripartite systems and arbitrarily many measurement 
outcomes, shown them to be tight for a small number 
of outputs, and investigated their violations in quantum 
mechanics. 

These inequalities serve as a natural generalization of 
both the Mermin-Bell inequality and the CGLMP in- 
equalities. Apparently, however, these inequalities do 
not preserve some of the nice features of the latter in- 
equalities. In particular, they do not seem to become 
more resistant to white noise (characterized in terms of 
visibility) as the number of measurement outcomes in- 
creases, contrary to the CGLMP inequalities. Also, it 
seems that our inequalities cannot be readily generalized 
to the case of four parties and more. In fact, we per- 
formed an exhaustive search for similar 4-partite (facet- 
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defining) inequalities that are invariant with respect to 
cyclic permutations of parties, but to no avail. 

Nonetheless, there are also features of the present in- 
equalities that deserve further investigation. Firstly, all 
quantum states that violate the £-outcome inequality 
maximally do not seem to require a tripartite quantum 
state that has local Hilbert space dimensions di = d 2 — 
c?3 = K. In particular, one of them is always a qubit 
while the other two systems have local dimension equal 
or greater than the number of outcomes. In accordance 
with recent work p8|-p0| this shows that quantum sys- 
tems of local Hilbert space dimension exceeding the num- 
ber of measurement outcomes can be required in order 
to reach the maximal violation of a Bell inequality. This 
suggest that these inequalities could be used as tripartite 
dimension witnesses |?| . 

Note added. Recently, we became aware of a related 
work by Arnault p7[ . We note, however, that our in- 
equalities do not follow directly from the inequalities pre- 
sented in Ref. |l7j since the latter involve expectation 
values of the product of observables from the same party 
(and are thus better seen as examples of noncontextual 



inequalities PH). 
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Appendix A: Complete list of symmetric, tripartite, 
two-input, three-output Bell inequalities involving 
only the sum of outputs 

There are 9 incquivalent classes of facet-defining tri- 
partite, two-input, three-output Bell inequalities which 
are symmetrical with respect to arbitrary permutations 
of parties and that involve only the sum of the outputs. 
For convenience, let us define 

E(j\xyz) = P{A X + B y + C z = jmod3). 

Note that [A x +B y +C Z ] 3 = J^ =0 jE(j\xyz). With these 
notations, the 9 inequalities read as: 









£(2|000) - £(1|001) 


-£(1|011) 


-£(2|011)4 


-2£(2 


111)- 


f 0< 


(Al) 








-2£(1|000)- 


- £(1|001) - 


2£(1|011) 4 


-2£(1 


111)- 


f 0< 


(A2) 


-8£(1|000) - 


2£(2|000) - 


£(11001) + 


2£(2|001) - 2£(1|011) - 


- 2£(2|011) 


+■ 2£(1|111) 


-£(2 


111)- 


l-0< o 


(A3) 


-2£(1|000) 


- £(2|000) - 


£(1|001) - 


2£(2|001) - 2£(1|011) - 


-£(2|011)4 


5£(1|111)4 


-4£(2 


111)- 


f 0< 


(A4) 


-2£(1|000) - 


2£(2|000) - 


£(1|001) - 


£(2|001)-2£(1|011)- 


2£(2|011)4 


5£7(1| 111) 4 


5£(2 


111)- 


f 0< 


(A5) 




-£(11000) 


- £7(11001) - 


- £(2|001) - 3£(1|011) - 


-£(2|011)4 


4£(1|111) 4 


-3£(2 


111)- 


f 0< 


(A6) 




-3£(1|000) - £(2|000) - £(1|001) - £(2|001) 


— £7(11011) 


4- 3£7(1|111) 


+ £(2 


111)- 


l-0< o 


(A7) 




-6£(1|000) 


-3£(2|000) 


- £(1|001) - 2£(2|001) 


-£(1|011) 


■f £(2|011)4 


-3£(1 


111)- 


f 0< 


(A8) 




-3£(1|000) 


f £(2|000) - 


- £(1|001) - 4£(1|011) - 


-£(2|011)4 


3£(1|111)4 


-2£(2 


111)- 


f 0< 


(A9) 



where we have used O to denote missing terms which 
must be added to ensure that the inequality is symmet- 
rical with respect to arbitrary permutation of parties. 



The symmetrical generalization of the Mcrmin-Bcll in- 
equality given in Eq. (^|) was obtained from inequal- 
ity (A5) above by expressing E(j\x, y, z) in terms of 



brackets ([A x + B y + C Z + l] K ) where I = 0, 1. 



It is wo rth notin g th at, numerically, we have found 
inequality (Al) and (A9) to give better tolerance to white 
noise than inequality (|1). 



Appendix B: A generalization of Sliwa's 7th 
inequality to an arbitrary number of outputs 

A possible symmetric generalization of Sliwa's 7th in- 
equality 46 to an arbitrary number of outputs reads as: 



2 {[Ai +B X + d] K ) + 2 ([-Ai - Bi - Ci - l] K ) 
+ {[-Ai -Bi- Ci] K ) + 3 ([-A 3 -B2-C2- 1]k) 
+ ([A 2 + B 2 + C 2 - l] K ) + ([A 2 + £2 + C 2 ]k) 
+ {[-A 2 + Bi + Ci] K ) + {[-Ai +B 2 + C 2 )k) + O 
> 6(£-l), 

(Bl) 

where the local bound of 6(K — 1) deduced numerically 
has been verified for K < 8; it is clear that, by setting 
A x = By = C z = for x,y,z= 1, 2, the bound 6{K - 1) 
can always be attained. For the same range of £, we have 
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d = K 


Local Bound 






[tfi; dr, d 3 ] 


2 


6 


4.6667 


0.6000 


[2;2;2] 


3 


12 


9.8079 


0.6460 


[3;3;3] 


4 


18 


14.7913 


0.6516 


[4;4;4] 


5 


24 


19.6829 


0.6495 


[5;5;5] 


6 


30 


24.5107 


0.6456 


[6;6;6] 



also verified that inequality (Bl) represents a a facet of 
the corresponding local polytope. We conjecture that 
both the local bound and the facet-defining property of 
inequality (Bl) hold for general K. 



TABLE IV. Best quantum violation and corresponding vis- 
ibility found for inequality (|B l[). The rank of the reduced 
density matrices of the optimal state found is given in the 
last column. 



We have also investigated the quantum violations of 
inequality (see Table |fv|). 
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